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Abstract

This note presents minimax regression rates for Dorn (2026)’s weak overlap

setting. I show that weak overlap degrades the effective outcome smoothness

rate by a factor of 1 − 1/γ0. The bulk of the note is a proof that the mini-

max sup-norm rate is equal to the minimax pointwise rate, without the usual

polylogarithmic penalty. Intuitively, there cannot be too many points with too

weak overlap locally without making overlap worse globally. Further, I show the

minimax rate is achievable adaptively without knowing or directly estimating

the degree of overlap weakness.

1 Introduction

Weak overlap makes outcome regression more difficult. Under weak overlap, the

probability of an observation being treated can be near zero or one, so that there are

fewer observations to be used in regression.

This paper precisely characterizes the degree to which weak overlap makes out-

come regression more difficult. I work under an outcome Hölder smoothness class of

order βµ > 0 and a global overlap tail lower bound γ0, where γ0 is the number of

inverse propensity moments that are assumed to be finite.

Within this class, I show that weak overlap scales the effective outcome smoothness

by 1−1/γ0. Equivalently, the effective dimension is increased by α(Mou) = d/(γ0−1),
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where α(Mou) is Mou et al. (2023)’s parameter α. This result comes from balancing

the effect of the worst possible order of overlap weakness: there are fewer treated

observations nearby, so that the optimal estimator uses a larger bandwidth with

greater bias. Weaker levels of overlap correspond to slower consistency rates. For any

fixed level of overlap weakness, there is some level of Hölder smoothness that achieves

a regression consistency rate that is arbitrarily near the parametric rate.

The bulk of this note takes care to show that the optimal sup-norm rate is equal

to the optimal pointwise rate, without the usual polylogarithmic factor separating the

optimal pointwise and global rates (Stone, 1982). The argument leverages a novel

construction partitioning the covariate space into regions with increasingly strong

overlap assurances in such a way as the contribution of each region to the worst-case

error is half as large as the previous contribution. In this way, the contribution of

infinitely many regions to the global error is controlled uniformly.

I further show that the minimax sup-norm rate is achievable adaptively without

knowledge or directly estimating the degree of overlap weakness. The approach I

take is a grid-within-grid construction: starting with a dense grid that corresponds

to strict overlap; estimating the effective overlap weakness at each point based on the

optimal bandwidth that balances bias and variance locally; and taking a new coarses

grid that ensures that each point is separated by more than the largest bandwidth of

any gridpoint, so that each gridpoint can be characterized independently.

The construction requires the local polynomial design to be nondegenerate at each

point. I show that nondegeneracy is ensured if the propensity score function is more

smooth than α(Mou). If so, local overlap guarantees imply the sufficiently high-order

propensity expansion must be nonzero; the propensity score then looks like its Tay-

lor expansion locally, yielding a nondegenerate design. Without this assumption, it

is possible for nature to start with the worst level of overlap and add treated mass

to concentrate local treated observations on a degenerate curve. Such a construc-

tion makes local polynomial estimators more slowly consistent or even inconsistent;

however, it is likely that more sophisticated estimators could restore the minimax

consistency rate here.

This work relates to the literature on regression with degenerate designs (Stone,

1982; Hall et al., 1997; Gäıffas, 2005; Mou et al., 2023), and most closely to Mou et al.

(2023), whose singularity rate for a first-order Sobolev space matches my minimax

rate for the implied Hölder class. The result that the sup-norm regression rate comes
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without a polylogarithmic loss is, to my knowledge, new.

The paper is as follows. Section 2 describes the weak overlap and Hölder smooth-

ness setting. Section 3 shows that propensity smoothness of order βe > α(Mou) ensures

a sufficient condition for nondegenerate eigenvalues. Section 4 states the main claim

of this note: that the minimax sup-norm rate does not have the usual polylogarithmic

loss, and it can be achieved adaptively. Section 4.1, the proof of this claim, is the

bulk of the note. Section 5 concludes.

Notation. EP [·] and E[·] denote expectations under the maintained distribution

P over data Z, and supP∈A B the supremum of B over distributions P ∈ A satisfying

any maintained restrictions on the distribution and nuisance functions. I write P (En)

for the probability of an event En under the distribution P , leaving the number of

draws n implicit where possible. For nonnegative sequences cn, dn: cn ≪ dn and dn ≫
cn if for all ϵ > 0, cn ≤ ϵdn for n large enough; cn ≲ dn and dn ≳ cn if cn ≤ kdn for

some k > 0 and all n large enough; and cn = Θ(dn) if there are 0 < k1 ≤ k2 < ∞ such

that cn/dn ∈ [k1, k2] for all n large enough. For a sequence of distributions Pn, I write

cn = OPn(dn) if for all ϵ > 0 there is a δ > 0 with lim supn→∞ Pn(|cn|/dn > δ) < ϵ and

cn = oPn(dn) if the same conclusion holds for all ϵ, δ > 0. I use o(dn) and O(dn) in the

usual sense. I use log to refer to the natural logarithm. I write ∥f∥Lp(P ) = EP [|f |p]1/p

for finite p and ∥f∥L∞(P ) = limp→∞ ∥f∥Lp(P ). Following a multivariate version of

Tsybakov (2009), f ∈ Σ(β, L) if its order-ℓ = max{z ∈ Z ∩ [0, β)} derivatives are

well-defined and Dαf = ∂|α|f
∂x

α1
1 ∂x

α2
2 ··· satisfies ∥D

αf(x) −Dαf(x′)∥ ≤ L∥x − x′∥β−ℓ for

all x, x′ and every multiindex α with ∥α∥ = ℓ. For such a β, βµ, or βe, I write the

associated number of derivatives as ℓ, ℓµ, or ℓe. I use Pn to refer to an arbitrary

sequence of distributions for the purposes of computing suprema. I use Leb(A) to

refer to the Lebesgue measure. I write limx→z+ f(x) and limx→z− f(x) for the right-

and left-hand limits of f at z. I use local polynomial regression to refer to the

estimator µ̂n(x)(x) = U(0)T β̂n(x), where β̂n(x) solves the local regression problem

argmin
β∈R(

d+ℓµ
d )
∑n

i=1Di

(
Yi − βTU((Xi − x)/h)

)2
K((Xi − x)/h), where U(z) is the

vector of all monomials in z up to degree ℓµ, for simplicity K(z) = 1{∥z∥ ≤ 1}, and
where when β̂n(x) is not uniquely identified then µ̂n(x)(x) = 0.
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2 Setting

I follow the standard semiparametric model for a binary treatment. I assume

the econometrician has access to n samples Z of data (X,D, Y ), where X ∈ Rd are

covariates, D ∈ {0, 1} is a binary treatment, and Y ∈ R is an observed outcome.

For simplicity, I focus the theoretical analysis on estimating the average potential

outcomeEP [E[Y | X,D = 1]]. The average treatment effect EP [EP [Y | X,D = 1]− EP [Y | X,D = 0]]

follows as a corollary, and the average treatment effect on the treated EP [D(Y (1)−
Y (0))]/EP [D] = (E[Y − EP [E[Y | X,D = 0]]])/EP [D] follows without too much

difficulty.

I assume that the propensity score e(X) = P (D = 1 | X) is in (0, 1) almost surely,

so that the average potential outcome can be identified as EP [DY/e(X)]. I refer to

regions of the covariate space in which the propensity can be arbitrarily close to zero

as singularities. Strict overlap rules out singularities. However, I do not bound the

propensity score away from zero or one. Settings in which singularities are allowed

are sometimes called “limited overlap” (Khan and Tamer, 2010; Chaudhuri and Hill,

2024).

I derive uniform convergence rates under bounds on overlap weakness. I follow

Ma and Wang (2020), who provide important building blocks in my analysis, and

parameterize overlap weakness through a tail parameter γ0. I extend their results to

a model family P over distributions whose overlap is at least as strong as that tail

parameter, in addition to some regularity conditions.

Assumption 1 (Distribution moments and tail bound). Let P be a nonempty family

of distributions, and write e(X) = P (D = 1 | X) and µ(X) = EP [Y | X,D = 1].

Then every P ∈ P is a distribution over (X,D, Y ) ∈ Rd × {0, 1} × R satisfying the

following conditions for some q > 3,M, σmin, C > 0, and γ0 > 1:

(a) Conditional moments. E[|Y |q | X,D = 1] ≤ M q < ∞ almost surely.

(b) Unconditional moments. Var(µ(X)) ≤ M .

(c) Residuals. Var(Y | X,D) ≥ σ2
min.

(d) Propensity tail. P (e(X) ≤ π) ≤ Cπγ0−1 for all π ∈ [0, 1].

Assumption 1 is a uniform generalization of Ma and Wang (2020)’s slowly varying

tails assumption. Assumptions 1(a) through 1(c) are regularity conditions that rule

out cases like perfectly predictable outcomes.
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Assumption 1(d) provides the substantial restriction on P: overlap may be weak

in the sense that γ0 is finite, but there is some minimal γ0 and C that provides an

upper bound on the inverse propensity’s tail behavior. Intuitively, the tail parameter

γ0 represents the number of moments onD/e(X) that are assumed to be finite. γ0 ≤ 1

would allow a mass point of e(X) at zero.

I distinguish between three cases of the degree of overlap weakness. I follow Heiler

and Kazak (2021) and use strict overlap to refer to the case in which the propensity

score is bounded away from zero almost surely. Under strict overlap, Assumption 1(d)

holds for any finite γ0 > 1, and most results here hold after replacing γ0 with infinity.

I use somewhat weak overlap to refer to the case that the inverse propensity

distribution may be heavy-tailed, but the inverse propensity weight still has strictly

more than two moments, which corresponds to γ0 > 2.1 Heuristically, somewhat weak

overlap is the case in P (e(X) ≤ π) is positive near zero, but goes to zero at an o(π)

rate. Under somewhat weak overlap, the semiparametric efficiency bound is finite

and known to be achievable (Chen et al., 2008; Hirshberg and Wager, 2021; Heiler

and Kazak, 2021).

I use very weak overlap to refer to the case in which γ0 < 2. Under very weak

overlap, the semiparametric bound is infinite, so that there is no regular
√
n-consistent

estimator (Khan and Tamer, 2010), and IPW with even known propensity scores may

fail to be asymptotically normal (Ma and Wang, 2020). A phase transition occurs at

γ0 = 2, in which case logarithmic terms can emerge.

Figure 1 illustrates behavior for simulated data with various values of γ0. When

the propensity score e(X) has a well-defined density, γ0 = 2 corresponds to a roughly

uniform distribution of propensity scores (Ma and Wang, 2020). When γ0 is above

two, the density of propensity scores tends to zero at zero; when γ0 is below two, the

density of propensity scores can tend to infinity at zero. Heuristically, there are never

too many treated observations with very small propensity scores, but γ0 governs the

degree to which there can be many untreated observations with very small propensity

scores.

I characterize optimal nonparametric regression rates under Hölder continuity.

For convenience, I fix the covariates to be uniform over a specific hypercube in Rd

1Distributions satisfying somewhat weak overlap are sometimes said to satisfy “strict overlap” or
“overlap” (Heiler and Kazak, 2021; Bruns-Smith et al., 2024), and distributions that exhibit very
weak overlap are sometimes called “heavy tailed” (Chaudhuri and Hill, 2024).
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Figure 1: Simulations of 10,000 observations of e(X) with P (e(X) ≤ π) = πγ0−1 for
increasing values of γ0.

with constant variance.

Assumption 2 (Hölder continuity and fixed domain). P satisfies Assumption 1, and

for all P ∈ P,X ∼ Unif([−1, 1]d) and Y | X,D ∼ N (DµP (X)+(1−D)µ′
P (X), σ2

min),

with µ, µ′ in the Hölder class Σ(βµ, L) for some fixed βµ, L > 0.

Most of these assumptions are standard assumptions for studying local polynomial

regression under strict overlap (Stone, 1982). However, weak overlap allows the den-

sity of treated observations to approach zero, in which case outcome regression near

the resulting singularity becomes a problem of estimation under a degenerate design

(Hall et al., 1997; Gäıffas, 2005). I assume normal outcomes in order to simplify the

characterization of the optimal rate. I work within a Hölder class to study the effect of

weak overlap, not because the Hölder class should motivate AIPW: many estimators

besides AIPW can yield valid t-statistics under Assumption 2 with sufficient smooth-

ness (Hirano et al., 2003; Newey and Robins, 2017; Armstrong and Kolesár, 2021), and

higher-order estimators can have better statistical properties (Robins et al., 2008).

The distinct advantage of AIPW debiasing is in structural-agnostic models (Balakr-

ishnan et al., 2025). Hölder continuity instead offers a one-parameter family in which

the cost of weak overlap can be characterized exactly.

It is known that in this case but under strict overlap, the optimal pointwise rate is

n
−βµ

2βµ+d , and the optimal uniform rate (n/ log(n))
−βµ

2βµ+d has a polylogarithmic penalty,

in the sense that the optimal uniform rate is worse by some polynomial factor of

log(n).
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3 Sufficient Smoothness

I require that treated observations cannot concentrate in small regions.

Assumption 3 (No adversarial propensity concentration). There are parameters

ρ, ν > 0 such that for all h > 0 small enough and all P ∈ P and x0 ∈ [−1, 1]d,

P (e(X) ≥ ρ sup∥x−x0∥≤h e(x) | ∥X − x0∥ ≤ h) > ν.

Dorn (2026) shows that this condition holds if the propensity function is suffi-

ciently smooth. When the propensity function is nonsmooth, it is possible for nature

to choose a distribution with better local overlap properties that induces local poly-

nomial degeneracy issues. It is likely that the feasibility proof could bypass Assump-

tion 3 through use of some hypothetical degeneracy-robust estimator, but that would

be outside the scope of this work.

Proposition 1 (Sufficient conditions for non-trivial concentration). Suppose Assump-

tion 2 holds and there is an L > 0, βe >
d

γ0−1
such that P (D = 1 | X) ∈ Σ(βe, L) for

all P ∈ P. Then Assumption 3 holds.

Lemma 1 (Minimal coefficient). Suppose Assumption 2 holds and e(X) ∈ Σ(βe, L)

for some βe >
d

γ0−1
. For 0 ≤ j < βe, Let cj (v | x0) be the coefficient in the jth-order

Taylor expansion of e(x) around x0 applied in the direction of v. Then there is a

c∗ > 0 such that for all x0, there exists an x ̸= x0 and a 0 ≤ j ≤ α(Mou) such that

x0 +
x−x0

∥x−x0∥ ∈ [−1, 1]d and cj

(
x−x0

∥x−x0∥ | x0

)
≥ c∗.

Proof of Lemma 1. If βe ≤ 1, the claim is immediate by Lemma 3. I therefore proceed

assuming βe > 1.

Proof by contradiction. Suppose for all c > 0, there exists a P and an x0 such

that cj

(
x−x0

∥x−x0∥ | x0

)
< c for all j ≤ α(Mou).

Define:

h∗ = argsuph∈(0,1]

∑
α(Mou)<j<βe

c̄j (h)
j + Le (h)

βe ≤ C1/d

⌈α(Mou) + 2⌉
(h)

d
γ0−1 .

This h∗ is well-defined because as h tends to zero from above, the left-hand side is of

a lower order than the right-hand side. By continuity, h∗
n ∈ (0, 1] and satisfies this

weak inequality.
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Take c∗ = min0≤j≤α(Mou)
C

1
1−γ0

⌈α(Mou)+2⌉(h
∗)

d
γ0−1

−j
. I claim that for this c∗, the content

of Lemma 1 holds.

Proof by contradiction. Suppose, not, and there is an x0 ∈ [−1, 1]d and an x as

above such that cj

(
x−x0

∥x−x0∥ | x0

)
< c∗ for all j ≤ α(Mou). Write c′ = C

1
1−γ0

⌈α(Mou)+1⌉
⌈α(Mou)+2⌉ .

Then for all x ∈ [−1, 1]d/x0 such that ∥x− x0∥ ≤ h∗ and x0 +
x−x0

∥x−x0∥ ∈ [−1, 1]d:

e(x) = f(x | x0) + g(x | x0)

=
∑

0≤j≤α(Mou)

cj

(
x− x0

∥x− x0∥
| x0

)
∥x− x0∥j

+
∑

α(Mou)<j<βe

cj

(
x− x0

∥x− x0∥
| x0

)
∥x− x0∥j + L∥x− x0∥βe

≤
∑

0≤j≤α(Mou)

C
1

1−γ0

⌈α(Mou) + 2⌉
(h∗)

d
γ0−1

−j∥x− x0∥j +
C

1
1−γ0

⌈α(Mou) + 2⌉
(h∗)

d
γ0−1 ≤ c′ (h∗)

d
γ0−1 .

Then:

P
(
e(X) ≤ c′ (h∗)

d
γ0−1

)
≥ P

(
x0 +

X − x0

∥X − x0∥
∈ [−1, 1]d, ∥X − x0∥ ≥ h∗

)
≥ (h∗)d = C

(
C

1
1−γ0 (h∗)d/(γ0−1)

)γ0−1

> C
(
c′ (h∗)

d
γ0−1

)γ0−1

.

But by Assumption 1(d), P
(
e(X) ≤ c′ (h∗)

d
γ0−1

)
≤ C

(
c′ (h∗)

d
γ0−1

)γ0−1

. Contradic-

tion.

Therefore, for this c∗ > 0 and all x0, there exists an x ̸= x0 and a 0 ≤ j ≤ α(Mou)

such that cj

(
x−x0

∥x−x0∥ | x0

)
≥ c∗.

Lemma 2 (Helper claim for Proposition 1). For any s ∈ {−1,+1}d, define the

orthant in direction s intersected with the unit ball as Ds = {v : ∥v∥ ≤ 1, sivi ≥
0 ∀i}. I claim that there is a constant κ = κ(d, βe) > 0 such that every polynomial

q of degree at most ℓe that is nonnegative on Ds for some s satisfies supv∈Ds
q(v) ≥

κ sup∥v∥≤1 |q(v)|.

Proof of Lemma 2. Pick some s. Write the number of such coefficients as p. For

any coefficients c ∈ Rp, write the implied polynomial as qc(v) and define m(c) =

sup∥v∥≤1 |qc(v)| andm+(c) = supv∈Ds
qc(v). Define C = {c ∈ Rp : m(c) = 1 and infv∈Ds qc(v) ≥

0}. Take κs ≡ infc∈C m
+(c). It remains to show κs > 0. C is closed by inspection
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and abounded by m(c) = 1, so compact, and non-empty. The function m+(c) is

continuous by inspection and strictly positive on C because otherwise m+(c) = 0 and

qc(v) ≥ 0 on Ds would imply c = 0 ̸∈ C. Therefore κs = infc∈C m
+(c) > 0. Finally,

take κ(d, βe) = mins∈{−1,1}d κs. κ > 0 because there are finitely many options.

Now, take some v ∈ Ds. If q = qc is a constant zero on Ds, then c = 0 by solving

for coefficients and supv∈Ds
q(v) = κ sup∥v∥≤1 |q(v)| = 0. Otherwise, supv∈Ds

q(v) ≥
κs sup∥v∥≤1 |q(v)| ≥ κ sup∥v∥≤1 |q(v)|.

Proof of Proposition 1. Proof by contradiction. Suppose not, and for all ρ, ν > 0,

there is an

h ∈
(
0, (C1/d/(2L))1/(βe−d/(γ0−1))

]
,

x0 ∈ [−1, 1]d, and P ∈ P such that P (e(X) ≥ ρ sup∥x−x0∥≤h e(x) | ∥X−x0∥ ≤ h) ≤ ν.

Fix ρ = κ/2 and ν = 1/n, with κ = κ(d, βe) from Lemma 2. Since the claim was

assumed to fail for every ρ, ν > 0, for each n, there is a a bandwidth hn, a point x0,

and a Pn ∈ P with

Pn

(
e(X) ≥ ρ sup

∥x−x0∥≤hn

e(x)
∣∣∣ ∥X − x0∥ ≤ hn

)
≤ γn, γn = 1/n → 0.

Because [−1, 1]d is compact and the coefficients are in a compact space, there is a

subsequence of n for which x0 and the local polynomial coefficients of e(x) around x0

are convergent.

Construct a further subsubsequence as follows. Write An = {x : ∥x − x0∥ ≤ hn}
and Vn = {v : ∥v∥ ≤ 1, x0 + hnv ∈ [−1, 1]d}, so that Vn ≡ (X − x0)/hn is uniform

on Vn given X ∈ An. Take sn,i = +1 if x0,i ≤ 0 and sn,i = −1 otherwise, so that

Dsn ⊆ Vn ⊆ {v : ∥v∥ ≤ 1} for all n large enough that hn ≤ 1, uniformly in x0. There

are finitely many values of sn, so pass to a further subsequence along which sn is

constant s. Without loss of generality, suppose this is the sequence.

Let fn(· | x0) be the order-ℓe Taylor polynomial of e at x0 under Pn. Let f
∗(· | x0)

for the local polynomial coefficients at the limiting coefficients and write f̃n = fn−f ∗

and gn = e− fn, so that e = f ∗ + f̃n + gn.

Let j∗ be the lowest-order nonzero coefficient of f ∗, which is well-defined and of

order at most ⌊α(Mou)⌋ = ⌊d/(γ0 − 1)⌋ ≤ ℓe by the uniform coefficient lower bound in

Lemma 1 and the convergence of coefficients on the subsubsequence by construction.

First, I show that hn → 0. Suppose not, and lim supn→∞ hn = h∗ > 0. Without
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loss of generality, suppose limn→∞ hn = h∗. Write A = {x | ∥x − x0∥ ≤ h∗}. Since

f ∗ has a nonzero coefficient of order j∗ ≤ ℓe, sup∥x−x0∥≤h∗ f ∗(x | x0) > 0, and the

leading behavior is of order (h∗)j
∗
. Then by continuity of densities and bounds on

derivatives, for all n large enough,

γn ≥ Pn

(
e(X) ≥ ρ

2

(
sup

∥x−x0∥≤h∗
e(x)

)
| ∥X − x0∥ ≤ h∗

)

≥ Pn

(
e(X) ≥ 3ρ

8

(
sup

∥x−x0∥≤h∗
f∗(x | x0)

)
| ∥X − x0∥ ≤ h∗

)

− 1

{
sup

∥x−x0∥≤h∗
|e(x)− f∗(x | x0)| ≥

ρ

8
sup

∥x−x0∥≤h∗
f∗(x | x0)

}

≥ Pn

(
e(X) ≥ 3ρ

8

(
sup

∥x−x0∥≤h∗
f∗(x | x0)

)
| ∥X − x0∥ ≤ h∗

)

− 1

{
sup
x∈A

∥fn(x | x0)− f∗(x | x0)∥+ |gn(x | x0)| ≥
ρ

16
sup

∥x−x0∥≤h∗
f∗(x | x0)

}

= Pn

(
e(X) ≥ 3ρ

8

(
sup

∥x−x0∥≤h∗
f∗(x | x0)

)
| ∥X − x0∥ ≤ h∗

)
− 1

{
O((h∗)βe) ≳ (h∗)j

∗
}

≥ Pn

(
e(X) ≥ ρ

4

(
sup

∥x−x0∥≤h∗
f∗(x | x0)

)
| ∥X − x0∥ ≤ h∗

)
,

which is constant (because h∗ is fixed) and positive (because f ∗ is continuous and

not a constant zero). Therefore γn ↛ 0. Contradiction.

Write c̃j,n(v) =
∑

∥α∥=j D
αe(x0)v

α for the order-j Taylor coefficient function of e

at x0 under Pn, mn,j ≡ sup∥v∥=1 |c̃j,n(v)|hj−j∗
n , and mn ≡ max0≤j≤j∗ mn,j.

Now I show over two cases that for every subsequence, there is a further subsub-

sequence, a nonzero polynomial q of degree at most ℓe that is nonnegative on Ds, a

sequence of functions rn(v) with sup∥v∥≤1 |rn(v)| = o(1), and a sequence of positive

numbers dn for which e(x) = dn
(
q(h−1

n (x−x0))+ rn(v)
)
uniformly on ∥x−x0∥ ≤ hn.

By construction, e(x) ≥ 0 for all h−1
n (x− x0) = v ∈ Ds for all n large enough, so that

if this is the case, then q(v) ≥ 0 for all v ∈ Ds. (Otherwise e(x0 + hnv) < 0 once

|rn(v)| < −q(v).)

Case 1: there is a further subsequence for which mn → 0, then on that subse-

quence, for any 0 < ∥x−x0∥ ≤ hn, write v = h−1
n (x−x0) and q(v) = cj∗

(
v/∥v∥

)
∥v∥j∗ ,

where cj∗ are the coefficients of f ∗. Note that f̃n = o(hj∗
n ) by construction of mn to
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capture the lower-than-j∗ terms and because mn → 0. Then

e(x) = f ∗(x | x0) + f̃n(x | x0) + gn(x | x0) = hj∗

n q(v) + o(hj∗

n ),

so that the desired result holds with dn = hj∗
n .

Case 2: lim infn→∞mn > 0. Define dj,n(v) = c̃j,n(v)h
j−j∗
n /mn, a rescaled version

of the input to mn,j. Take the polynomial qn(v) =
∑

0≤j≤j∗ dj,n(v/∥v∥)∥v∥j. By

construction, max0≤j≤j∗ sup∥v∥≤1 |dj,n(v)| = 1, so that there is a j̄ ≤ j∗ with a subse-

quence for which sup∥v∥≤1 |dj̄,n(v)| = 1 for all n. Because ∥dj,n(v)∥ ≤ 1 on the unit

sphere, the coefficients cn of dj,n are in a compact space, so that there is a further

subsequence for which dj,n(v) converges uniformly on the unit sphere and for which

j̄ is constant. Call that limiting polynomial d∗j(v). Define the j∗-order polynomial

q(v) =
∑

0≤j≤j∗ d
∗
j(v/∥v∥)∥v∥j. Because sup∥v∥=1 |d∗j̄(v)| = 1, q(v) is not a constant

zero. Now suppose 0 < ∥x − x0∥ < hn and write v = h−1
n (x − x0). Note that

f̃n(x0 + hnv) − mnh
j∗
n qn(v) is a series of polynomials with bounded coefficients and

terms of order at least j∗ + 1. Then:

e(x) = mnh
j∗

n q(v) +mnh
j∗

n

(
qn(v)− q(v)

)
+ f̃n(x)−mnh

j∗

n qn(v) + gn(x)

= mnh
j∗

n q(v) + o(mnh
j∗

n ) +O(hj∗+1
n ) +O(hβe

n ) = mnh
j∗

n q(v) + o(mnh
j∗

n ),

so that the desired result holds with dn = mnh
j∗
n usingmn > 0 on this subsubsequence.

Now, on that subsubsequence, write mq = sup∥v∥≤1 |q(v)| > 0. Define G = {v ∈
Ds : q(v) > 3/4κmq}, which is constant on the subsubsequence. By construction of

the κ in Lemma 2 and by continuity, the Lebesgue measure Leb(G) > 0. Then, for

all n large enough and all v ∈ G, and noting that ρ = κ/2,

e(x0 + hnv) = dn
(
q(v) + rn(v)

)
≥ dn

(
3
4
κmq − sup

∥v∥≤1

|rn(v)|
)
≥ ρ dn

(
mq + sup

∥v∥≤1

|rn(v)|
)
≥ ρ sup

x∈An

e(x),

where the last inequality uses supx∈An
e(x) = supv∈Vn

dn(q(v) + rn(v)) ≤ dn
(
mq +

sup∥v∥≤1 |rn(v)|
)
. Thus, for all n large enough, v ∈ G implies e(x0+hnv) ≥ ρ supx∈An

e(x).

Let ωd = Leb
(
{v : ∥v∥ ≤ 1}

)
. Then

Pn

(
e(X) ≥ ρ sup

x∈An

e(x) | X ∈ An

)
≥ Leb(G)

Leb(Vn)
≥ Leb(G)

ωd

> 0

11



which has a lower bound independently of n. Then γn ↛ 0. Contradiction.

4 Minimax Rates

In the worst case, weak overlap of order γ0 > 1 plays a role equivalent to scaling

the effective outcome smoothness downward by (1− 1/γ0).

Theorem 1 (Weak overlap reduces effective outcome smoothness). Suppose γ0 is

finite, and define r∗µ,n = n
−β∗

2β∗+d , where β∗ = βµ (1− 1/γ0). Then

(i) r∗µ,n is a pointwise (and uniform) rate upper bound. There exists a c > 0 and a

such that if P satisfies Assumptions 2 and 3, then

lim inf
n→∞

inf
µ̂

sup
P∈P

P
(
|µ̂(0)− µ(0)| > cr∗µ,n

)
> 0.

(ii) r∗µ,n is an achievable uniform (and pointwise) rate. Suppose P satisfies As-

sumptions 2 and 3. Then there exists an estimator µ̂(x) such that for all ϵ > 0,

there is a finite c(ϵ) such that

lim sup
n→∞

sup
P∈P

P
(
∥µ̂− µ∥L∞(P ) > c(ϵ)r∗µ,n

)
≤ ϵ.

Further, the estimator can be computed without knowledge of the overlap bound

γ0.

The intuition for this result is that as γ0 becomes smaller, the global overlap guar-

antee becomes weaker and nature can choose a point at which there are increasingly

few treated observations nearby to use in regression. The mean-squared-error-optimal

response to weak overlap is to choose a wider bandwidth than usual that reduces the

variance at the cost of increasing the regression bias. The resulting rate penalty

occurs even under somewhat weak overlap.

The minimax-optimal tradeoff is reflected in Theorem 1. The strict overlap op-

timal pointwise convergence rate n
−βµ

2βµ+d is recovered as the limit as γ0 → ∞, and

smaller levels of γ0 correspond to slower consistency rates. Theorem 1 shows that

weak overlap can be interpreted as increasing the effective dimension by d/(γ0 − 1),

or equivalently as degrading the effective smoothness rate from βµ to βµ(1 − 1/γ0).

The result parallels Mou et al. (2023)’s analysis of the effect of weak overlap in a

12



Sobolev space: their setting implies Hölder continuity of order βµ = 1/2; my point-

wise rate for βµ = 1/2, d = 1 matches their pointwise rate at the singularity; and

my degraded outcome consistency rate can be interpreted as increasing the effective

dimension from d to dγ0/(γ0 − 1), which generalizes the Mou et al. singularity ex-

ponent α to higher dimensions. In the limit in which γ0 tends to one, the rate in

Theorem 1 can become arbitrarily poor. For example, the difficulty of estimating a

twice continuously differentiable function when γ0 = 2 is comparable to the difficulty

of estimating a Lipschitz-continuous function under strict overlap.

At a high level, the construction follows a standard framework by constructing

a grid over [−1, 1]d, choosing bandwidths for each gridpoint to balance the local

polynomial bias (increasing in bandwidth) and variance (decreasing in bandwidth),

estimating µ̂(x) at each gridpoint via local polynomial regression, and then interpo-

lating between gridpoints. However, the construction here avoids knowledge of γ0

by exploiting that for any fixed x with the worst possible overlap under P, taking

h to solve
∑

i 1{∥Xi − x∥ ≤ h,Di = 1} = h−2βµ yields a bandwidth on the order

of n
−1

2βµ+dγ0/(γ0−1) . I construct a data-adaptive grid by starting with a hypothetical

grid that would be appropriate under strict overlap, but otherwise is too dense. I

then use the dense grid’s implied weak overlap bound to shrink the gridpoint density

until I can ensure that every gridpoint has sufficient treated observations within some

hypothetical largest gridpoint. I then adapt each gridpoint’s bandwidth downward

to solve
∑

i 1{∥Xi − x∥ ≤ h,Di = 1} = h−2βµ , which allows the estimator to exploit

better overlap properties away from singularities.

This construction avoids the usual polylogarithmic penalty on uniform rates. In-

tuitively, the lack of polylogarithmic penalty follows because the vast majority of

space must exhibit better overlap than the worst-case rate, or else the implied global

overlap bound would be even weaker. Formally, I use a peeling device: I partition the

gridpoints into strata of increasingly strong overlap guarantees, and therefore larger

maximum capacity and smaller bandwidths. By carefully choosing the sequence of

stratum capacities (which exhibit a logarithmic rate penalty) and bandwidths (which

exhibit a polynomial rate improvement), I am able to derive a geometric stratum

sup-norm error guarantee. As a result, the uniform error over the grid is bounded by

a convergent series dominated by the first stratum. The key technical requirement

for this inductive argument to hold is that the capacity of the initial stratum must

be sufficiently large, but finite, to ensure the growth of subsequent strata.

13



4.1 Proof

I now build up to proving the main claim of this note, Theorem 1.

Lemma 3 (Minimal expected nearby observations). Suppose the conditions of The-

orem 1 hold. Define A(x0 | h) = {x : x ∈ [−1, 1]d, ∥x − xj∥ ≤ h}. Then there is a

constant c0(C, γ0, d) > 0 such that

inf
x0∈[−1,1]d,P∈P,h∈(0,1]

EP [D | X ∈ A(x0 | h)] ≥ c0(C, γ0, d)h
d/(γ0−1).

Proof of Lemma 3. Since X ∼ Unif([−1, 1]d), there exists a c1(d) > 0 such that

infx∈[−1,1]d P (X ∈ A(x | h)) ≥ c1(d)h
d for all h ∈ (0, 1]. Now let π(C, d, h, γ0) solve

Cπγ0−1 = (c1(d)/2)h
d, i.e. π(C, d, h, γ0) = (c1(d)/(2C))1/(γ0−1)hd/(γ0−1).

Then, for any x0 ∈ [−1, 1]d,

P (X ∈ A(x0 | h), e(X) ≤ π(C, d, h, γ0)) ≤ P (e(X) ≤ π(C, d, h, γ0)) ≤ Cπ(C, d, h, γ0)
γ0−1

= c1(d)h
d/2 ≤ P (X ∈ A(x0 | h))/2.

Therefore

EP [D | X ∈ A(x | h)] ≥ EP [D1{e(X) ≥ π(C, d, h, γ0)} | X ∈ A(x | h)]

≥ π(C, d, h, γ0)P (e(X) ≥ π(C, d, h, γ0) | X ∈ A(x | h))

≥ π(C, d, h, γ0)/2 = (c1(d)/(2C))1/(γ0−1)/2hd/(γ0−1).

Taking c0(C, γ0, d) = (c1(d)/(2C))1/(γ0−1)/2 completes the claim.

Lemma 4 (Minimal eigenvalue technical result). Suppose the conditions of Theorem 1

hold. There is an h′ > 0 such that

lim
ε→+0

sup
P∈P,x0∈[−1,1]d,h∈(0,h′],∥v∥=1

P
(
∥vTU∥ ≤ ε | D = 1, ∥X − x0∥ ≤ h

)
= 0.

Proof of Lemma 4. Take some sequence of εn →+ 0. Take h′, ρ, ν from Assumption 3.

Let Pn be a sequence of distributions in P, let vn be a sequence of vectors with

∥v∥ = 1, let hn be a sequence in (0, h′], and write An = {x : ∥x− x0∥ ≤ hn}. Then:

Pn

(
∥vTnU∥ ≤

√
εn | D = 1, X ∈ An

)
=

EPn

[
e(X)1

{
∥vTnU∥ ≤ √

εn
}
| X ∈ An

]
EPn [e(X) | X ∈ An]
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≤
(
supx∈An

e(x)
)
Pn

(
∥vTnU∥ ≤ √

εn | X ∈ An

)
Pn

(
e(X) ≥ ρ

(
supx∈An

e(x)
))

ρ
(
supx∈An

e(x)
)

≤
(
supx∈An

e(x)
)
Pn

(
∥vTnU∥ ≤ √

εn | X ∈ An

)
νρ supx∈An

e(x)

=
Pn

(
∥vTnU∥ ≤ √

εn | X ∈ An

)
ρν

= O (
√
εn) = o(1).

Lemma 5 (Uniform minimal expected eigenvalue). Suppose the conditions of The-

orem 1 hold, and let U (v) be the vector of zero-through-ℓµ-order interactions of v.

Define:

λ(h̄) ≡ inf
h∈(0,h̄],∥v∥=1,x0∈[−1,1]d,P∈P

vTEP

[
U

(
X − x0

h

)
U

(
X − x0

h

)T

| D = 1, ∥X − x0∥ ≤ h

]
v,

λ∗ ≡ lim inf
h̄→+0

λ(h̄),

where U(·) is the ℓµ-order local polynomial interaction matrix. Then λ∗ > 0.

Proof of Lemma 5. Let h′ be from Lemma 4. Fix some h̄ ∈ (0, h′]. Let hn be a

sequence in (0, h̄], let vn be a sequence of vectors with ∥v∥ = 1, let x0,n be a sequence

of points in [−1, 1]d, and let Pn be a sequence of distributions in P. Let An = {x :

∥x− x0,n∥ ≤ hn}.
By Lemma 4, there is a ε > 0 such that:

inf
P∈P,x0∈[−1,1]d,h∈(0,hn],∥v∥=1

P
(
∥vTU∥ ≥ ε | D = 1, ∥X − x0∥ ≤ h

)
> 0.

Call this infimum δ > 0. ∥vTU∥ is bounded, so δ is finite.

Define:

λn ≡ vTnEPn

[
U

(
X − x0,n

hn

)
U

(
X − x0,n

hn

)T

| D = 1, X ∈ An

]
vn

= EPn

[
vTnU

(
X − x0,n

hn

)(
vTnU

(
X − x0,n

hn

))T

| D = 1, X ∈ An

]

= EPn

[(
vTnU

(
X − x0,n

hn

))2

| D = 1, X ∈ An

]
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≥ ε2Pn

(∣∣∣∣vTnU (X − x0,n

hn

)∣∣∣∣ ≥ ε | D = 1, X ∈ An

)
≥ ε2δ > 0.

Therefore, for all h̄ ≤ h′, λ(h̄) ≥ ε2δ. Therefore λ∗ ≥ ε2δ > 0.

Lemma 6 (Uniform functional approximation across multiple gridpoints). Suppose

the conditions of Theorem 1 hold. Let fkn,n(v) : [−1, 1]d → R be a set of kn func-

tions that are uniformly bounded. Let S(m,h
¯
) be the set of sets of m tuples (x, h)

with x ∈ [−1, 1]d and h ∈ [h
¯ n, h

′], where h′ comes from Lemma 5’s notion of h

small enough and where for all (x1, h1), (x2, h2) ∈ S ∈ S(m,h
¯
) with x2 ̸= x1,

there are no points x ∈ [−1, 1]d with ∥x − x1∥ ≤ h1 and ∥x − x2∥ ≤ h2. Write

c̃ = 2
2(1+γ0)
1−γ0 C

2
1−γ0 (supv |f(v)|)−2. Suppose (i) h

¯

dγ0
γ0−1
n ≫ n−1; (ii) mn be a sequence

tending to infinity such for all fixed a > 0, mn ≪ exp

(
−anh

¯

dγ0
γ0−1
n

)
; and (iii) and

kn

1−
(
e−1
e

) mn

exp

log(1/2)+c̃−1n−1h
¯

− dγ0
γ0−1

n


 → 0. Then there is a sequence of εn →+ 0

such that for all k = 1, . . . , kn:

sup
P∈P,S∈S(mn,h

¯ n)
P

max
j

∣∣∣∣∣∣
∑

iDiK
(
∥Xi−xj∥

hn,j

)
fk,n

(
Xi−xj

hn,j

)
− E

[
DK

(
∥X−xj∥
hn,j

)
fk,n

(
X−xj

hn,j

)]
nEPn

[
DK

(
∥X−xj∥
hn,j

)]
∣∣∣∣∣∣ ≥ εn

 = o(1).

Proof of Lemma 6. For simplicity, I proceed assuming K is the uniform bandwidth

scaled downwards by one-half; the proof would require far more care if the kernel took

on nonzero values for an unbounded set. Also, for simplicity, assume that e(X) is

bounded above by one-half — the difficulty here comes from small propensity scores,

and is already substantial. Let the upper bound of |f | be b ≥ 0.

Define Rn ≡ c̃nh
¯

dγ0
γ0−1
n and

Vn,j,k ≡
∑
i

DiK

(
∥Xi − xj∥

hn,j

) fk,n

(
Xi−xj

hn,j

)
− E

[
fk,n

(
X−xj

hn,j

)
| DK

(
∥X−xj∥
hn,j

)
= 1
]

nEPn

[
DK

(
∥X−xj∥
hn,j

)] .

By construction, there is a sequence of ε+n → 0 such that kn

(
1− (1− 1/e)

mn
exp(log(1/2)+Rnε2n)

)
→

0.

Note that the events DiK
(

∥Xi−xj∥
hn,j

)
are mutually disjoint for a given i across j;

therefore write j(i) for the j such that DiK
(

∥Xi−xj(i)∥
hn,j

)
= 1 if feasible, and write
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j(i) = 0 if no such j exists.

Let Pn be a sequence of distributions in P, let Sn be a sequence of sets in

S(mn, h
¯n
), and let {(xn,j, hn,j)} be a sequence of associated points and bandwidths.

By Lemma 3, there is a constant c0(C, γ0, d) such that for all j, n,

EPn

[
DK

(
∥X − xj∥

hn,j

)]
≥ c0(C, γ0, d)h

¯

dγ0
γ0−1
n .

Consider the event A of {i, j(i)}. Note that for any given j, by the Chernoff bound

for binomial random variables,

Pn

 ∑
DiK

(
∥Xi−xj∥

hn,j

)
nE
[
DK

(
∥X−xj∥
hn,j

)] ≥ 2

 ≤ exp

−nE
[
DK

(
∥X−xj∥
hn,j

)]
3

 ≤ exp

(
−c̃

b2

3
nh
¯

dγ0
γ0−1
n

)
,

So that Pn

max
j

∑
DiK

(
∥Xi−xj∥

hn,j

)
nE
[
DK

(
∥X−xj∥
hn,j

)] ≤ 2

 ≤ 1−
∑
j

Pn

 ∑
DiK

(
∥Xi−xj∥

hn,j

)
nE
[
DK

(
∥X−xj∥
hn,j

)] ≥ 2


≤ 1−O

(
mn exp

(
−c̃

b2

3
nh
¯

dγ0
γ0−1
n

))
= 1− o(1).

I therefore proceed under the high probability event thatA is such that maxj

∑
DiK

(
∥Xi−xj∥

hn,j

)
nE

[
DK

(
∥X−xj∥

hn,j

)] ≤

2.

I now apply the Hoeffding inequality to the
∑

DK
(

∥X−xj∥
hn,j

)
≤ 2E

[
DK

(
∥X−xj∥
hn,j

)]
elements of Vn,j conditional on A, for all k, n, j

Pn (|Vn,j,k| ≥ εn) ≤ 2 exp

−2
(
nEPn

[
DK

(
∥X−xj∥
hn,j

)])2
ε2n(∑

DiK
(

∥Xi−xj∥
hn,j

))
b2

 ≤ 2 exp
(
−Rnε

2
n

)
.

Then:

Pn

(
kn

max
k=1

mn
max
j=1

|Vn,j,k| ≥ εn | A
)

≤
kn∑
k=1

(
1−

mn∏
j=1

(1− Pn (|Vn,j,k| ≥ εn))

)

≤ kn

(
1−

mn∏
j=1

(
1− 2 exp

(
−Rnε

2
n

)))
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= kn

(
1−

(
1− 2 exp

(
−1

16b2
nh
¯

d
γ0

γ0−1
n ε2n

))mn
)

= kn

1−

((
1− 1

exp (log(1/2) +Rnε2n)

)exp(log(1/2)+Rnε2n)
) mn

exp(log(1/2)+Rnε2n)


= kn

(
1− (1− 1/e− o(1))

mn
exp(log(1/2)+Rnε2n)

)
= o(1).

Therefore P
(
maxknk=1maxmn

j=1 |Vn,j,k| ≥ εn
)
= o(1).

Lemma 7 (Nondegeneracy of local polynomial eigenvalues at estimated bandwidths

over gridpoints). Suppose the conditions of Theorem 1 hold. Fix some k > 0 and

let Sn be a set of gn points xn,j ∈ [−1, 1]d, with gn ≤ k′n for some fixed k′ > 0.

For each xn,j, let hn,j = suph : n
∑

i Di1 {∥Xi − xn,j∥} ≤ kh−2βµ and let h∗
n,j solve

nE[D1{∥X − xn,j∥}] = kh−2βµ. Then there is a δn →+ 0 such that

lim sup
n→∞

sup
P∈P

P


max

j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λmin

∑
i DiK

(
∥Xi−xj∥

hn,j

)
U

(
Xi−xj
hn,j

)
U

(
Xi−xj
hn,j

)T

∑
i DiK

(
∥Xi−xj∥

hn,j

)


λmin

EP

[
DK

(
∥X−xj∥

h∗
n,j

)
U

(
X−xj
h∗
n,j

)
U

(
X−xj
h∗
n,j

)T
]

EP

[
DK

(
∥X−xj∥

h∗
n,j

)]


− 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
≥ δn


= o(1).

Proof of Lemma 7. For convenience, I proceed assumingK is the uniform bandwidth,

scaled downwards by one-half. Let Pn be a sequence of distributions in P.

Apply Lemma 6 to the sequence h
¯n

= n
−1

2βµ+d
γ0

γ0−1 / log(n) and mn = 3gn ≪

exp

(
anh

¯

d
γ0

γ0−1
n

)
for all a >, to yield a sequence of ε

(a)
n →+ 0.

Let hn,j solve minh

∣∣Nn(h | xn,j)− kh−2βµ
∣∣, and let h∗

n,j solve minh

∣∣N∗
n(h | xn,j)− kh−2βµ

∣∣,
where N∗

n(h | xn,j) = nE [e(X)1{∥X − xn,j∥ ≤ h}]. Further, let [h
¯n,j

, h̄n,j] be the con-

vex hull of the set of h that solve N∗
n(h | xn,j)(1+ε

(a)
n )−1 = kh−2βµ or N∗

n(h | xn,j)(1+

ε
(a)
n ) = kh−2βµ . By Lemma 6, with probability tending to one, hn,j ∈ [h

¯n,j
, h̄n,j].

Write:

An,j(h, h
′) =

EPn

[
DK

(
∥X−xn,j∥

h

)
U
(

X−xn,j

h

)
U
(

X−xn,j

h

)T]
EPn

[
DK

(
∥X−xn,j∥

h′

)]
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Bn,j(h, h
′) =

∑n
i=1DiK

(
∥Xi−xn,j∥

h

)
U
(

Xi−xn,j

h

)
U
(

Xi−xn,j

h

)T
∑n

i=1DiK
(

∥Xi−xn,j∥
h′

)
The claim is that there is a δn →+ 0 such that

Pn

(∣∣∣∣∣ λmin (Bn,j(hn,j, hn,j))

λmin

(
An,j(h∗

n,j, h
∗
n,j)
) − 1

∣∣∣∣∣ ≥ δn

)
= o(1).

A−1
n,j is symmetric, so that ∥A−1

n,j∥2(op) is equal to the squared largest eigenvalue

of A−1
n,j, where ∥ · ∥(op) is equal to the operator norm. By Lemma 5, ∥A−1

n,j∥2(op) =

λmin(An,j)
−2 is bounded above.

Take mn = 3gn ≤ 3k′n, kn = (n + 1), and h
¯n

= n
−1

2βµ+d
γ0

γ0−1 / log(n)
γ0−1
dγ0 , so

that the first condition of Lemma 6 holds by Lemma 5. The second condition

holds because mn = O(n). The third condition holds by L’Hopital’s Rule ap-

plied to n
(
1−

(
e−1
e

) an

exp(b+cnd/ log(n)

)
→ 0 for any fixed a, b, c, d > 0. Thus, I may

apply Lemma 6 to the kn = n + 1 bounded functions f(v) = Uk(v)Up(v) and

1
{

h
¯n,j

h∗
n,j

≤ v ≤ h̄n,j

h∗
n,j

}
at the bandwidths h

¯n
. Let the associated εn terms be ε

(b)
n Then:

max
j

∣∣An,j(h
∗
n,j , h

∗
n,j)k,p −Bn,j(hn,j , hn,j)k,p

∣∣
≤max

j

∣∣∣∣∣ An,j(h
∗
n,j , h

∗
n,j)k,p

− Bn,j(h
∗
n,j , h

∗
n,j)k,p

∣∣∣∣∣+max
j

∣∣∣∣∣ Bn,j(h
∗
n,j , h

∗
n,j)k,p

− Bn,j(h
∗
n,j , hn,j)k,p

∣∣∣∣∣+max
j

∣∣∣∣∣ Bn,j(h
∗
n,j , hn,j)k,p

− Bn,j(hn,j , hn,j)k,p

∣∣∣∣∣
≤oPn(1) +OPn

(
max

j

∣∣An,j(h
∗
n,j , h

∗
n,j)k,p

∣∣)max
j

∣∣∣∣∣∣
1−

∑
DiK

(
∥Xi−xn,j∥

h∗
n,j

)
∑

DiK
(
∥Xi−xn,j∥

hn,j

)
∣∣∣∣∣∣

+O

(
max

j

∑
Di1

{
∥Xi − xn,j∥ ∈ [h

¯n,j
, h̄n,j ]

}∑
Di1

{
∥Xi − xn,j∥ ≤ h

¯n,j
} )

=oPn(1) +OPn

(
ε(a)n

)
+ o

((
1 + ε(a)n

)2
(1 + ε(b)n )

)
= oPn(1).

Therefore maxj ∥An,j −Bn,j∥(op) = o(1).

Then, by well-known arguments (Horn and Johnson, 2013, p. 381):

max
j

|λmin(Bn,j)− λmin(A,nj)| = max
i

∣∣λmax(B
−1
n,j)− λmax(A

−1
,nj)
∣∣ ≤ max

j
∥B−1

n,j − A−1
n,j∥(op)

≤ max
j

∥A−1
n,j∥2(op)∥An,j −Bn,j∥(op)

1− ∥A−1
n,j(An,j −Bn,j)∥(op)

= max
j

OPn(1)oPn(1)

1− oPn(1)
= oPn(1),
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so that

max
j

∣∣∣∣λmin(Bn,j)

λmin(An,j)
− 1

∣∣∣∣ = max
j

∣∣∣∣λmin(Bn,j)− λmin(An,j)

λmin(An,j)

∣∣∣∣ ≤ max
j

|λmin(Bn,j)− λmin(A,nj)|
minj λmin(An,j)

= oPn(1),

so that the full claim holds.

Lemma 8 (KL divergence). For any given L′ > 0 and x0 ∈ [−1, 1]d, construct

distributions Pn,m for m = 1, 2 as follows. Draw X ∼ U([−1, 1]d). Draw D |
X ∼ Bern

(
C−(γ0−1)Pn,m (∥X − x0∥ ≤ ∥x− x0∥)1/(γ0−1)

)
. Finally, draw Y | X,D ∼

N (Dµn,m(X), σ2
min) where µn,1(X) = 0 and

µn,2(X) =
L′

exp
(−4

3

)n −βµ

2βµ+d
γ0

γ0−1 exp


−1

1−

(
2∥X−x0∥

n

−1

2βµ+d
γ0

γ0−1

)2

1

∥X − x0∥ ≤ n
−1

2βµ+d
γ0

γ0−1

2

 .

Finally, define P = {Pn,m}n=1∞,m=1,2. Then (i) if there exists a P0 satisfying As-

sumptions 2 and 3, then there exists a fixed L′ such that P satisfies Assumptions 2

and 3. (ii) there is an α > 0 finite such that KL (Pn,1, Pn,2) ≤ α.

Proof of Lemma 8. First, I show (i) that such an L′ exists. Because there exists a P ∈
P0 in this set and every Pn,m has the smallest possible range of Y −µ(X) | X,D = 1,

it must be that for every Pn,m ∈ P, Assumption 1(a) and Assumption 1(c) hold.

Also, if I define V (x) = Pn,m(∥X − x0∥ ≤ ∥x− x0∥) which is distributed Unif([0, 1]),

then for all Pn,m:

Pn,m (e(X) ≤ π) = Pn,m

(
C−(γ0−1)V (X)

1
γ0−1 ≤ π

)
= Pn,m

(
V (X) ≤ Cπγ0−1

)
= Cπγ0−1.

Therefore, Assumption 1(d) hold with C = C ′ and π
¯
small enough. It is also clear

that EPn,m [Y | X,D = 0] = EPn,0 [Y | X,D = 1] ∈ Σ(βµ, L), since these functions are

a constant zero.

It remains to show that there is an L′ > 0 such that for all n,m, VarPn,2(µn,2(X)) ≤
M (Assumption 1(b) and completing Assumption 2) and µn,2(X) ∈ Σ(βµ, L) (As-

20



sumption 3). For the variance upper bound:

VarPn,2 (µn,2(X)) ≤ (L′)2

(
n

−2βµ

2βµ+d
γ0

γ0−1

)
exp

(
8

3
− 2

)
≤ (L′)2 exp(2/3).

so that it suffices to take L′ ≤
√

M exp(−2/3). For Hölder continuity, write µn,2(X) =

L′

a
n

−βµ

2βµ+d
γ0

γ0−1 ga

(
∥X−x0∥

n

−1

2βµ+d
γ0

γ0−1

)
. If a > 0 is small enough, then ga is infinitely differ-

entiable and in Σ(βµ, 1/2). Thus, by standard arguments (Tsybakov, 2009), if L′ is

small enough, µn,2(X) ∈ Σ(βµ, L). Thus, there is an L′ > 0 such that P satisfies

Assumptions 2 and 3.

Second, I show the main claim (ii). It is useful to write hn = n
−1

2βµ+d
γ0

γ0−1 . Then:

KL(Pn,1, Pn,2) = nPn,1

(
log

dPn,1

dPn,2

)

≤ nPn,1

(
∥X − x0∥ ≤ hn

4

)
Pn,1

(
D = 1 | ∥X − x0∥ ≤ hn

4

) ( L′

exp(−4
3 )

h
βµ
n exp

(
−1

1−1/4

))2

2

= nk2−2d−1 (L′)
2

(
k

C

) 1
γ0−1

h
d+ d

γ0−1
+2βµ

n = k2−2d−1 (L′)
2

(
k

C

) 1
γ0−1

= “α.”

Proposition 2 (Inductive grouping). Fix some βµ > 0, γ0 > 1, and d ≥ 1. Then

there is a δ
¯
> 0 and a π ∈ (0, 2−1/βµ ] such that if δ ≥ δ

¯
, then the sequence defined by

m
(0)
n = δ, m

(1)
n = exp(δ/2), and m

(k+1)
n = exp

(
δ2−(k+1)

(
m

(k)
n /m

(0)
n

)2βµ(γ0−1)/(2βµ+dγ0/(γ0−1))
)

diverges to infinity, and the sequence of t
(k)
n =

(
m

(k−1)
n /m

(0)
n

)(γ0−1)/(2βµ+dγ0/(γ0−1))

sat-

isfies t
(k+1)
n ≥ t

(k)
n /π for k = 1, 2, . . . .

Proof of Proposition 2. First, I construct such a δ
¯
. Let δI be the smallest value of x

such that (x/ log(x))1/(2βµ) ≥ 41/(2βµ), x/ log(x) ≥ 4, and x ≥ 4. Then take:

δ
¯
= sup d ≥ δI s.t. (d/ log(d))

2βµ+dγ0/(γ0−1)

2βµ(γ0−1) ≥ dd/(2 log(d))−1 or d = δI

This is defined because as d tends to infinity, the inequality does not hold.

Now I show the claim holds. Take π = (log(δ
¯
)/ δ

¯
)1/(2βµ) and r

¯
= (δ

¯
/ log(δ

¯
))

2βµ+dγ0/(γ0−1)

2βµ(γ0−1) =
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π
− 2βµ+dγ0/(γ0−1)

γ0−1 . Note that by construction, π ∈ (0, 2−1/βµ ].

Let δ ≥ δ
¯
and the sequence as above be given.

Take t
(0)
n = (log(δ)/δ)1/(2βµ), so that log

(
m

(k)
n

)
= δ2−(k)

(
t
(k)
n

)2βµ

for all k =

0, 1, . . . . Note as a result that log
(
m

(k)
n

)
= log(δ)

(∏
0≤j<k

t
(j+1)
n /t

(j)
n

21/(2βµ)

)2βµ

. In particu-

lar, log
(
m

(k+1)
n /m

(k)
n

)
= log

(
m

(k)
n

)((
t
(k+1)
n /t

(k)
n

)2βµ

/2

)
for all k = 0, 1, . . . .

Next, I show by induction that for all k = 0, 1, . . . , t
(k+1)
n ≥ t

(k)
n /π and m

(k+1)
n ≥

ρ
¯
m

(k)
n . In the base case, k = 0, t

(k+1)
n /t

(k)
n = π−1 by construction of π, andm

(1)
n /m

(0)
n =

δδ/(2 log(δ))−1 ≥ r
¯
by construction of r

¯
. In the inductive case,

t(k+1)
n /t(k)n =

(
m(k)

n /m(k−1)
n

)(γ0−1)/(2βµ+dγ0/(γ0−1)) ≥ (r
¯
)(γ0−1)/(2βµ+dγ0/(γ0−1))

m(k+1)
n /m(k)

n =
(
m(k)

n

)(t(k+1)
n /t

(k)
n

)2βµ
/2−1 ≥ δδ/(2 log(δ))−1 ≥ r

¯
.

Thus, for all k = 0, 1, . . . , t
(k+1)
n ≥ t

(k)
n ≥ π and m

(k+1)
n ≥ r

¯
m

(k)
n for some r

¯
≥ 4 and

π ∈ (0, 2−1/βµ ]. The remaining claims hold by inspection.

Lemma 9 (k∗
n characterization). Let δ

¯
, π, m

(k)
n , and h

(k)
n be as in Proposition 2. Let

k∗
n be the smallest k for which π(k−1)βµ ≤ 1/ log(n). Then k∗

n = O(log(log(n))).

Proof of Lemma 9. (k∗
n − 1) ≤ log(1/π)

βµ
log(log(n)) = Θ(log(log(n))).

Lemma 10 (Minimal small-propensity points). Suppose the conditions of Theorem 1

hold, and there are mn points xj ∈ [−1, 1]d such that infj ̸=j′ ∥xj − xj′∥ ≥ h and

maxj nE[D1{∥X − xj∥ ≤ h/d}] ≤ s(h/d)−2βµ. Then there is a universal constant

B ≥ 2 that depends on C, γ0, βµ, d, s such that mn ≤ B
(
nh

2βµ+d
γ0

γ0−1

)1−γ0
.

Proof of Lemma 10. Note that the set of points with 1{∥X − xj∥ ≤ h/d} are mu-

tually exclusive across x. Note also that for any set A, E [D1{X ∈ A}] ≤ π implies

P (X ∈ A)/2 ≤ P (X ∈ A, e(X) ≤ 2π) ≤ P (e(X) ≤ 2π). As a result, for j as in the

statement,

E [e(X) | ∥X − xj∥ ≤ h/d] ≤ nE[e(X)1{∥X − xj∥ ≤ h/d}]
nP (∥X − xj∥ ≤ h/d)

≤ sdd+2βµ

nhd+2βµ

mn (h/d)
d /2 ≤ P

(
e(X) ≤ 2sdd+2βµ

nhd+2βµ

)
≤ C

(
2sdd+2βµ

nhd+2βµ

)γ0−1

mn ≤ C2γ0sγ0−1d2βµ(γ0−1)+dγ0
(
nh

2βµ+d
γ0

γ0−1

)1−γ0
.
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Finally, if the constant is below 2, without loss of generality set B = 2.

Lemma 11 (Grid width construction). Suppose the conditions of Theorem 1 hold,

and define Nn(h | x) =
∑n

i=1 1{Di = 1, ∥Xi − x∥ ≤ h}. Then there is a c > 0 and

an algorithm based only on βµ, d, and the (X,D) data that generates a grid width wn

such that with probability tending to one, n−1/(2βµ+d) ≲ wn ≤ dcn
−1

2βµ+d
γ0

γ0−1 and for all

x ∈ [−1, 1]d, Nn

(
cn

−1

2βµ+d
γ0

γ0−1 | xn,j

)
≥ 2

(
cn

−1

2βµ+d
γ0

γ0−1

)−2βµ

.

Proof of Lemma 11. First, I construct a h̃n that will be used to construct wn. Let

z = 2. By Lemma 3, there is a k′′ ≥ 0 such that E[D1{∥X − x∥ ≤ h] ≥ k′′hdγ0/(γ0−1)

for all h ∈ (0, 1] and all x ∈ [−1, 1]d. Take k′ = (k′′2)−1/(2βµ+dγ0/(γ0−1)) and take

h̃n = k′n−1/(2βµ+dγ0/(γ0−1)), so that k′′nh̃
dγ0/(γ0−1)
n = 2zh̃

−2βµ
n .

To construct a grid without use of γ0, define a pseudo-grid of width w̄n = d/⌊(5n)1/(2βµ+d)⌋.
Let n be large enough such that w̄n ≥ d(n/4)−1/(2βµ+d) for all n. For each pseudo-

gridpoint x̄n,j, take h̄n,j = infh≤1 h : Nn(h | x̄n,j) ≥ 2h−2βµ . Take the true grid width

as wn = ⌊1/
(
d sup h̄n,j

)
⌋.

To show that wn works, take another pseudogrid with pseudo-grid-width w̃n =

1/⌊1/(2dh̃n)⌋ and consider hypothetical gridpoints x̃n,j. For simplicity assume 1/(2dh̃n)

is an integer, and in particular that w̃n ≤ h̃n/d. Notice also that n
−1/d ≪ n−1/(2βµ+dγ0/(γ0−1)) =

Θ(h̃n) = Θ(wn), so that n−1/d ≪ h̃n ≤ k′dn−1/(2βµ+dγ0/(γ0−1)) for all n large enough.

Note also that ∥x− x̃n,j∥ ≤ h̃n and ∥x− x̃n,k∥ ≤ h̃n for x ∈ [−1, 1]d implies k = j,

because the gridpoints are separated by at least dh̃n. There are also O(h̃−d
n ) = o(n)

gridpoints. Therefore by Lemma 6, with probability tending to one, Nn,j(h̃n | x̃n,j) ≥
nE[D1{∥X − x̃n,j ≤ h̃n}]/2 ≥ nk′′

2
h̃
dγ0/(γ0−1)
n = 2z−1(h̃n)

−2βµ .

Note that for every x ∈ [−1, 1]d, there is some x̃n,j with ∥x − x̃n,j∥ ≤ dw̃n.

Therefore, with probability tending to one, Nn((2d + 1)h̃n | x) ≥ Nn(dw̃n + h̃n |
x) ≥ infj Nn(h̃n | x̃n,j) ≥ 2z−1(h̃n)

−2βµ = (2d + 1)2βµ2z−1((2d + 1)h̃n)
−2βµ ≥ 2z((2d +

1)h̃n)
−2βµ .

Finally, take c = (2d+1)k′. With probability tending to one, wn ≤ d(2d+1)h̃n =

dcn−1/(2βµ+dγ0/(γ0−1)). Note that with probability tending to one, wn ≤ (2 + 1/d)dh̃n.

Note also that by Lemma 6 applied to hn,0 = (n/4)−1/(2βµ+d) at the pseudo-gridpoints

x̄n,j, with probability tending to one, Nn(hn,0 | x̄n,j) ≥ n(hn,0)
dγ0(k′′γ0hn,0)

−d/(γ0−1) ≫
4(hn,0)

−2βµ , so that with probability tending to one, dcn−1/(2βµ+dγ0/(γ0−1)) ≥ wn ≥
hn,0 ≳ n−1/(2βµ+d).
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Finally, note that because each xn,j is in [−1, 1]d, by the argument above,

Nn

(
cn

−1
2βµ+dγ0/(γ0−1) | xn,j

)
= Nn

(
(2d+ 1)h̃n | xn,j

)
≥ 2

(
(2d+ 1)h̃n

)−2βµ

.

Lemma 12 (Bounding inclusion probability). Take c as in Lemma 11; let δ
¯
, π be

as in Proposition 2; take some δ ≥ δ
¯
; construct m

(k)
n and t

(k)
n as in Proposition 2;

take h
(k)
n = cn−1/(2βµ+dγ0/(γ0−1))/t

(k)
n ; and take k∗

n as in Lemma 9. Let {(xn,j, hn,j)}
be a set of gridpoints xn,j covering [−1, 1]d with edge lengths wn such that (i) hn,j =

infh≤1 h : Nn(h | xn,j) ≥ 2h−2βµ, (ii) hn,j ≤ h
(1)
n ≤ wn/d, and (iii) Nn

(
h
(k)
n | xn,j

)
≥

n
2
E
[
D1
{
∥X − xn,j∥ ≤ h

(k)
n

}]
for all j, k and hn,j ≤ h

(1)
n ≤ wn/d for all j. Then for

every k = 1, . . . , k∗
n + 1, there are at most m

(k)
n gridpoints j with hn,j > h

(k)
n .

Proof of Lemma 12. Suppose j satisfies hn,j ≥ h
(k)
n . Then by (i) and (ii),

n

2
E
[
D1
{
∥X − xn,j∥ ≤ h(k)

n

}]
≥

n
(
h
(k)
n

)d
2

E
[
D | ∥X − xn,j∥ ≤ h(k)

n

]
,

so that nE
[
D1
{
∥X − xn,j∥ ≤ h

(k)
n

}]
≤ 4

(
h
(k)
n

)−2βµ

. Let m̃
(k)
n be the number of

gridpoints with hn,j ≥ h
(k)
n . Then by Lemma 10,

m̃(k)
n ≤ B

(
n(h(k)

n )
2βµ+d

γ0
γ0−1

)1−γ0
= B

(
h
(k)
n

h
(1)
n

)−(γ0−1)
(
2βµ+d

γ0
γ0−1

)
≤ exp

2−kδ

(
h
(k)
n

h
(1)
n

)−2βµ
 = m(k)

n .

Lemma 13 (Grid characteristics). Take c, π, δ,m
(k)
n , h

(k)
n ,m

(k)
n , k∗

n as in Lemma 12.

Then there is a construction of a grid width wn, gridpoints xn,j, and bandwidths

hn,j constructed using only βµ, d, and the (X,D) data, such that with probability

tending to one, (i) Nn

(
h
(1)
n

)
≥ 2(h

(1)
n )−2βµ for all j, (ii) hn,j ≤ h

(1)
n for all j, (iii)

∥x − xn,j∥ ≤ hn,j and ∥x − xn,k∥ ≤ hn,k implies k = j, (iv) Nn

(
h
(k)
n | xn,j

)
≥

n
2
E
[
D1{∥X − xn,j∥ ≤ h

(k)
n }
]
for all j and all k = 1, . . . , k∗

n + 1, (v) the smallest

eigenvalue of

∑
D1{∥X−xn,j∥≤hn,j}U

(
X−xn,j

hn,j

)
U

(
X−xn,j

hn,j

)T

∑
D1{∥X−xn,j∥≤hn,j} is at least λ∗/2 for every j, and

(vi) for all k = 1, . . . , k∗
n + 1, there are at most m

(k)
n gridpoints j with hn,j > h

(k)
n .
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Proof of Lemma 13. Let wn, xn,j be constructed as in Lemma 11. For for every j, take

hn,j = infh≤1 h : Nn(h | xn,j) ≥ 2h−2βµ . Notice that this construction is well-defined

and does not use the outcome data and only depends on d, βµ, and the (X,D) data.

By Lemma 11, n−1/(2βµ+d) ≲ wn ≤ dcn−1/(2βµ+dγ0/(γ0−1)) = dh
(1)
n .

(i) holds by Lemma 11. But then (ii) holds by this construction of hn,j.

(iii) holds because hn,j ≤ h
(1)
n ≤ wn/d by Lemma 11.

(iv) will hold by Lemma 6. Consider the k∗
n+1 functions 1{D = 1, ∥X−x∥ ≤ h

(k)
n }

for k = 1, . . . , k∗
n + 1 evaluated at the O

(
nd/(2βµ+d)

)
gridpoints xn,j with global band-

width h = h
(1)
n = maxk h

(k)
n . I continue on event that the number of gridpoints is

O(1) and the grid width is at least h
(1)
n , which were shown to be arbitrarily high

probability earlier in this proof, so that the preconditions of Lemma 6 hold. Re-

call by Lemma 9 that k∗
n = O(log(log(n))). Note that h

(1)
n = Θn−1/(2βµ+dγ0/(γ0−1))

; n ≪

exp
(
−an(h

(1)
n )dγ0/(γ0−1)

)
by inspection; and k∗

n

(
1−

(
e−1
e

)n/(exp(log(1/2)+c̃−1n−1(h
(1)
n )−dγ0/(γ0−1)

)))
→

0 by L’Hopital’s Rule. Therefore by Lemma 6, with probability tending to one,

Nn

(
h
(k)
n | xn,j

)
≥ n

2
E
[
D1{∥X − xn,j∥ ≤ h

(k)
n }
]
for all j and all k = 1, . . . , k∗

n + 1.

(v) by strict monotonicty of h−2β and weak monotonicty of Nn(h | x) in the

opposite direction, hn,j = infh≤1 h : Nn(h | xn,j) ≥ 2h−2βµ = suph≤1 h : Nn(h | xn,j) ≤
2h−2βµ . Thus on the high probability event that the number of gridpoints is O(n),

by Lemma 7 and Lemma 5, if n is large enough so that h
(1)
n is small enough, then the

smallest eigenvalue of the induced design matrices is at least λ∗/2.

(vi) holds by Lemma 12, with each condition either holding by construction or by

claim above.

Lemma 14 (Maximal local polynomial residual). Let wn and {xn,j, hn,j} be con-

structed as in Lemma 13, let Z be the (X,D) data, and define µ̄j = E[µ̂j | Z]. Then

E
[
maxj (µ̂(xn,j)− µ̄n,j)

2 | Z
]
= OP

(
n−2βµ/(2βµ+dγ0/(γ0−1))

)
.

Proof of Lemma 14. Let µ̄n,j = E[µ̂(xn,j) | Z]. Recall by Lemma 13 that with prob-

ability tending to one, the smallest eigenvalue of the realized local polynomial design

matrices
∑

DKUUT/
∑

DK is at least λ∗/2 > 0. Note that there are no x with

∥x − xn,j∥ ≤ hn,j and ∥x − xn,k∥ ≤ hn,k by (Lemma 13(iii)), so that µ̂(xn,j) | Z are

independent normal draws. Therefore the set of µ̂(xn,j)−µ̄(xn,j) random variables are

independent normal, with variance bounded above by 4λ−2Nn (hn,j | xn,j)
−1 σ2

max =

cNn (hn,j | xn,j)
−1 for some universal constant c.

Let c, δ, t
(k)
n h

(k)
n ,m

(k)
n , k∗

n be defined as in Lemma 9, so that h
(k∗n)
n ≤ c′h

(1)
n π(k−1) ≲
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n−1/(2βµ+d) (1/ log(n))1/βµ by Proposition 2 and the definition of k∗
n. For any fixed

k = 1, . . . , k∗
n, by standard arguments,

“Mk” = E

[
max

j
(µ̂(xn,j)− µ̄n,j)

2 1{h(k+1)
n ≤ hn,j ≤ h(k)

n } | Z
]

≤ c′

(
min

j:h
(k+1)
n ≤hn,j≤h

(k)
n

Nn (hn,j | xn,j)

)−1

log

(∑
j

1{h(k+1)
n ≤ hn,j ≤ h(k)

n }

)

for some universal constant c′. Thus, with probability tending to one,

Mk ≤ c′

(
min

j:h
(k+1)
n ≤hn,j≤h

(k)
n

h
−2βµ

n,j

)−1

log
(
m(k)

n

)
≤ c′

(
h(k)
n

)2βµ
log
(
m(k)

n

)
(L12,13(vi))

≤ c′δ
(
h(k)
n

)2βµ
2−(k+1)

(
t(k)n

)2βµ
(Proposition 2)

= c′δ
(
h(k)
n

)2βµ
2−(k+1)

(
h(k)
n /h(1)

n

)−2βµ
= c′δ

(
h(1)
n

)2βµ
2−k.

Also note that hn,j < h
(k∗n)
n implies Nn (hn,j | xn,j) = (hn,j)

−2βµ ≥
(
h
(k∗n)
n

)−2βµ

, so

that analogously, on the high probability event expressed above that there are O(n)

gridpoints and maxj hn,j ≤ h
(1
n ),

“Mk+1” = E

[
max

j
(µ̂(xn,j)− µ̄n,j)

2 1
{
hn,j < h(k∗n)

n

}
| Z
]

≤ c′
(
h(k∗n)
n

)2βµ
log

(
1

n

)
≲ n

−2βµ

2βµ+
dγ0
γ0−1

log(n)

log(n)2
= o

(
n

−2βµ

2βµ+
dγ0
γ0−1

)
.

Thus, on an event with probability tending to one,

E

[
max

j
(µ̂(xn,j)− µ̄n,j)

2 | Z
]
≤

k∗n∑
k=1

Mk +Mk+1 ≤
k∗n∑
k=1

c′δ
(
h(1)
n

)2βµ
2−k + o

(
n

−2βµ
2βµ+dγ0/(γ0−1)

)
≤ c′δ

(
h(1)
n

)2βµ
+ o

(
n

−2βµ
2βµ+dγ0/(γ0−1)

)
= O

(
n

−2βµ
2βµ+dγ0/(γ0−1)

)
.

Proof of Theorem 1. Recall that r∗µ,n = n

−βµ

2βµ+d
γ0

γ0−1 . There are two main directions to

show.

Lower bound pointwise rate. Define x0 = (0, . . . , 0). Let P be as in Lemma 8,
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with associated distributions Pn,m for m = 1, 2. By Lemma 8, K(Pn,1, Pn,2) ≤ α.

Define the seminorm d(P,Q) = |EP [Y | X = x0, D = 1] − EQ[Y | X = x0, D = 1]|.
By construction,

d(Pn,1, Pn,2) =

“A/2”︷ ︸︸ ︷
L′ exp (1/3)n

−βµ

2βµ+d
γ0

γ0−1 ,

where L′ > 0 is fixed. Therefore d(Pn,1, Pn,2) ≥ 2sn, where sn = (A/4)n

−βµ

2βµ+d
γ0

γ0−1 .

Thus, standard arguments (Tsybakov, 2009) show that for any fixed estimator µ̂ of

E[Y | X = x0, D = 1] and all n large enough,

sup
P∈P

P (|µ̂(x0)− µ(x0)| ≥ sn) ≥ max
j=1,2

Pj (|µ̂(x0)− µn,j(x0)| ≥ sn)

≥ max

(
exp(−α)

4
,
1−

√
α/2

2

)
> 0.

Thus, for all t > 1 (see Tsybakov Theorem 2.3),

lim inf
n→∞

inf
µ̂

sup
P∈P

P

(
n

βµ

2βµ+d
γ0

γ0−1 |µ̂(x0)− µ(x0)| ≥ t

βµ

2βµ+d
γ0

γ0−1

)
≥ max

(
exp(−ct)

4
,
1−

√
ct/2

2

)
,

where c is a constant that only depends on the parameters of the problem. Thus,

n

−βµ

2βµ+d
γ0

γ0−1 is a lower bound on the pointwise rate of convergence.

Achievable uniform rate. This is the more difficult and interesting direction.

Thankfully, several lemmas above make the remaining task relatively simple.

By Lemma 13 and Lemma 14, there is a construction of gridpoints xn,j separated

by edges of length wn = OP

(
n−1/(2βµ+dγ0/(γ0−1))

)
and bandwidths hn,j depending only

on βµ, d, and the (X,D) data Z such that with probability tending to one, maxj hn,j =

O
(
n−1/(2βµ+dγ0/(γ0−1))

)
, the smallest eigenvalue of the design matrix used to con-

struct µ̂(xn,j) based on regression of Y on U
(

X−xn,j

hn,j

)
with weights D1{∥X−xn,j∥ ≤

hn,j} is at least λ∗/2 for some fixed λ∗ > 0, and E
[
maxj (µ̂(xn,j)− µ̄n,j)

2 | Z
]
=

O
(
n−2βµ/(2βµ+dγ0/(γ0−1))

)
where µ̄n,j = E[µ̂(xn,j) | Z]. But then on this event,

maxj µ̂(xn,j) − µ(xn,j)
2 = O

(
(λ∗)−2maxj h

2βµ

n,j

)
= O

(
n−2βµ/(2βµ+dγ0/(γ0−1))

)
. There-

fore for this construction, with probability tending to one, E
[
maxj (µ̂(xn,j)− µ(xn,j))

2 | Z
]
=

O
(
n−2βµ/(2βµ+dγ0/(γ0−1))

)
. Therefore maxj (µ̂(xn,j)− µ(xn,j))

2 = OP

(
n−2βµ/(2βµ+dγ0/(γ0−1))

)
by Markov’s inequality.
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Now consider predictions within the grid. For a given point x ∈ [−1, 1]d, if x = xn,j

for some j, take µ̂(x) = µ̂(xn,j). Otherwise, construct µ̂(x) via local polynomial

regression of µ̂(xn,j) on U
(

xn,j−x

(βµ+1)wn

)
for gridpoints xn,j with ∥xn,j −x∥ ≤ (βµ+1)wn.

By standard arguments, each such design matrix is nondegenerate so that (µ̂(x) −
µ(x))2 = O

(
w

2βµ
n +maxj (µ̂(xn,j)− µ(xn,j))

2
)

= OP

(
n−2βµ/(2βµ+dγ0/(γ0−1))

)
for all

x ∈ [−1, 1]d simultaneously. Therefore µ̂ achieves the uniform rate r∗µ,n, and with no

polylogarithmic penalty.

Completing the proof. An achievable uniform rate of convergence is also an

achievable pointwise rate of convergence. Thus, n

−βµ

2βµ+d
γ0

γ0−1 is the optimal pointwise

rate of convergence. A lower bound on the pointwise rate of convergence is also a

lower bound on the uniform rate of convergence. Thus, n

−βµ

2βµ+d
γ0

γ0−1 is also the optimal

uniform rate of convergence.

5 Conclusion

This note derives minimax consistency rates under Hölder smoothness with weak

overlap. I precisely characterize the degree to which overlap weakness makes outcome

regression more difficult. I leave open the performance of Hölder smoothness-based

estimators for treatment effects under weak overlap. The analysis requires nonde-

generate eigenvalues; a task for future work is whether other more sophisticated esti-

mators can be robust to degenerate eigenvalues introduced by increasing propensity

scores relative to the lowest level of overlap allowed under the global bound.
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